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A spin fractionalizes into matter and gauge fermions in Kitaev’s spin liquid on the honeycomb
lattice. This follows from a Jordan-Wigner mapping to fermions, allowing for the construction of
minimal entropy ground state wavefunction on the cylinder. We use this to calculate the entangle-
ment entropy by choosing several distinct partitionings. First, by partitioning an infinite cylinder
into two, the − ln 2 topological entanglement entropy is reconfirmed. Second, the reduced density
matrix of the gauge sector on the full cylinder is obtained after tracing out the matter degrees of
freedom. This allows for evaluating the gauge entanglement Hamiltonian, which contains infinitely
long range correlations along the symmetry axis of the cylinder. The matter-gauge entanglement
entropy is (Ny − 1) ln 2 with Ny the circumference of the cylinder. Third, the rules for calculat-
ing the gauge sector entanglement of any partition are determined. Rather small correctly chosen
gauge partitions can still account for the topological entanglement entropy in spite of long-range
correlations in the gauge entanglement Hamiltonian.
I. INTRODUCTION.
Fractionalization is a ubiquitous phenomenon in a
variety of systems, when strong correlation and quan-
tum fluctuations, usually with a healthy dose of frus-
tration, give way to exotic states of matter. The best
known instances include spin-charge separation in Lut-
tinger liquids1, fractional quantum Hall states2 spin ice
materials3, spin liquids4, just to mention a few. Their
elementary excitation cannot be constructed as simple
combinations of its elementary constituents. Parallel to
these developments, topological states of matter enjoy
a great deal of interest due to their potential in fault-
tolerant quantum computation5. These are usually char-
acterized by non-local, topological order, unlike conven-
tional phases of matter such as e.g. ferromagnets. Their
robust topological degeneracy and possibly non-abelian
statistics make them ideal systems to realize quantum
computers protected from environmental noise.
The peculiar interplay of fractionalization and topo-
logical order is beautifully demonstrated in Kitaev’s spin
liquid on the honeycomb lattice6. This system of inter-
acting spins, introduced in Eq. (1), does not order down
to zero temperature, with the spin pair correlations are
identically zero beyond nearest neighbor separation7,8.
This stems from the fact that a spin fractionalizes into
matter and gauge degrees of freedom and has a descrip-
tion involving a matter sector coupled to a Z2 gauge field,
the latter being also responsible for the topological order.
Topological order is notoriously difficult to detect not
only experimentally9,10 but also theoretically due to the
lack of local order parameter. Often it is easier to detect
in terms of what is absent, rather than what is present.
To circumvent this problem, the entanglement entropy of
topologically ordered phases has been shown to contain
a topological contribution11–13, which is uniquely sensi-
tive to the underlying topological structure. This can
be separated from the more conventional entanglement
contributions14 by carefully partitioning the system so
that these are subtracted off.
Here we investigate the question that to what ex-
tent only one constituent of a fractionalized topological
system reflects the existence of topological order. For
that reason, we study Kitaev’s honeycomb model on a
cylinder, which is the ”closest” geometry to a torus and
has recently been investigated extensively to address the
physics of the topological entanglement entropy15,16. In
particular, what is the entanglement entropy between
gauge and matter fermions on a cylinder with open
edges? What is the entanglement spectrum of the gauge
field over the whole cylinder? How is this related to the
spectrum of the parent Hamiltonian? Can only one (i.e.
the gauge) sector account for the topological entangle-
ment entropy?
This we investigate by tracing out the matter degrees
of freedom from the ground state density matrix, thus
constructing the reduced density matrix for the gauge de-
grees of freedom. In an analogous case, one dimensional
fermions fractionalize into spin and charge degrees of free-
dom, which, in the absence of spin-orbit coupling, are
decoupled. For the Kitaev model, since the ground state
lives in the zero flux sector6, it is tempting to think that
all this involves is a unique static gauge configurations,
therefore the gauge and matter fermions are completely
disentangled. In addition, while much is known about
the matter field entanglement properties of Kitaev’s hon-
eycomb lattice17–19, the gauge field contribution has re-
ceived significantly less attention. We also fill this gap
and elaborate on the topological and non-topological en-
tanglement entropy solely from the gauge sector.
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FIG. 1. A segment of the brick wall lattice, equivalent to
the honeycomb lattice, is shown in the left panel for Nx =
7 and Ny = 4. The bottom row is connected to the top
row (green dashed lines) for periodic boundary conditions in
the vertical direction, thus forming a cylinder. The vertical
bonds denote Jz coupling, while the Jx,y couplings around a
given site are distributed anti-clockwise (i.e. Jx, Jy and Jz).
The spins are represented by fermions after a Jordan-Wigner
transformation, and the two sublattices are denoted by filled
red circles and empty black squares. The spins are ordered
from left to right, bottom to top. The right panel depicts the
Jordan-Wigner strings and the ordering of the spins.
II. KITAEV’S HONEYCOMB MODEL
The Hamiltonian is defined on the honeycomb lattice,
similarly to graphene, as
H = −
∑
γ=x,y,z
Jγ
∑
γ−bonds
σγi σ
γ
j , (1)
where γ = (x, y, z) stands for the three type of bonds,
connecting sites i and j, as explained and visualized in
Fig. 1, where the topologically equivalent brick wall
lattice is used. The very same lattice geometry has
been used also to identify topological order for the Hal-
dane model with hardcore bosons20. Instead of us-
ing the Majorana fermion representation of the spins6
which leads unphysical states in the Hilbert space requir-
ing a projection operation, we employ a Jordan-Wigner
transformation21 without redundant degrees of freedom.
This is given by
σzi = 2c
+
i ci − 1, σ+i =

∏
j<i
σzj

 c+i , (2)
where j < i is taken from the particular ordering of the
spins, moving from left to right, bottom to top, see Fig.
1. The
∏
j<i σ
z
j expression is referred to as the Jordan-
Wigner string. Following Ref. 21, we introduce Majo-
rana fermions on the two sublattices of the brick wall
lattice, denoted by f illed circles and emtpy squares, as
Bf = (c− c+)f/i, Af = (c+ c+)f , (3a)
Ae = (c− c+)e/i, Be = (c+ c+)e, (3b)
and A2e,f = B
2
e,f = 1. After some algebraic manipula-
tion, the Hamiltonian becomes
H = −iJx
∑
x−bonds
AfAe − iJy
∑
y−bonds
AfAe−
−iJz
∑
z−bonds
αrAfAe, (4)
where αr = iBfBe along a z-bond is a conserved quan-
tity with r the location of the z-bond. It contains one
Majorana fermion from each end of the bond, and repre-
sent the gauge degrees of freedom, while the A Majorana
fermions, which hop around the honeycomb lattice, cor-
respond to the matter sector. A physical spin fractional-
izes into these two sectors, as follows from Eqs. (2) and
(3). The gauge field, αr is hermitian and α
2
r = 1, thus
its eigenvalues are ±1, hence the name Z2 spin liquid.
For the Kitaev Hamiltonian, the flux per plaquette is a
conserved quantity, defined by
Wp =
∏
j∈plaquette
σ
γj
j , (5)
where γj = (x, y, z) corresponds to the bond from site
j that is not part of the loop around a 6 site plaquette.
After a Jordan-Wigner transformation, it reduces to the
product of the two αr operators in a give plaquette.
The matter fermion spectrum is gapless and possesses
a linearly dispersing 2D Dirac cone whenever the sum of
any two couplings, Jx,y,z is bigger than the third. Oth-
erwise, the system is gapped.
We consider a brick wall lattice on a cylinder, i.e. with
periodic boundary conditions in one direction, as shown
in Fig. 1. The number of rows, Ny, in this direction
is thus even. For simplicity, we fix the number of spins
in the horizontal direction, Nx, to be odd. There are
NyNx spins in the system with NxNy/2 z-bonds, while
the number of plaquettes is (Nx−2)Ny/2. Thus, after fix-
ing the flux sector of the model by defining a flux for each
hexagon, we end up with NxNy/2− (Nx − 2)Ny/2 = Ny
conserved αr operators, whose value can be chosen freely
without altering the overall flux configuration. There-
fore, on a cylinder, there are 2Ny distinct wavefunctions
corresponding to a given flux configuration. Let us stress
that other orientations of the Jordan-Wigner string and
other ordering of the spins is also possible22, but for the
sake of simplicity, we pick this most transparent config-
uration. It has no accidental Majorana zero modes from
its boundary or dangling Majoranas23.
III. GROUND STATE SECTOR
The ground state of the system lies in the zero flux
sector6,24 for large Ny (for e.g. Ny = 2, the ground state
of the system of a pi-flux phase on a two-leg ladder25). In
the zero flux sector on the cylinder, all z-bonds along a
given row should be identically 1 or −1, as visualized in
3FIG. 2. The zero flux sector of the Kitaev model on a cylinder
with circumference Ny = 10 and Nx = 15 is shown. The
blue and red z-bonds stand for 1 and −1 values of the gauge
fields along a given row. Since there are 2 blue and 8 red
rows, Wl = 1 and this configuration corresponds to the true
ground state. A cylinder with an odd number of blue rows
corresponds to Wl = −1.
Fig. 2, but one has the freedom to choose between these
two configurations. By taking the product of the values
of the row-ending z-bonds along the circumference or Ny
direction is again a constant of motion and corresponds
to a Wilson-loop operator22 as
Wl =
∏
j∈loop
σ
γj
j , (6)
the loop winds around the cylinder, the definition of Wl
parallels the plaquette operator and γj denotes the bond
that is not part of the loop at site j. From Ref. 6, it
equals the product of gauge variables, αr, along the loop
as Wl =
∏
r∈loop αr.
On the cylinder, Ny is even thus Ny/2 is an inte-
ger. Depending on whether it is even/odd, the ground
state is in the Wl = −1/1 sector. In this case, similarly
to the toric code, the zero flux sector splits in energy
and the true finite-size ground state has only a 2Ny−1-
fold degeneracy, separated by a gap from the other zero
flux states. This gap scales exponentially/in a power-
law fashion with Ny in the gapped/gapless phase of the
Kitaev model. This is demonstrated in Fig. 3 by numer-
ically diagonalizing Eq. (4) in the zero flux sector and
calculating the ground state of the matter fermions for
the two distinct Wl = ±1 configurations. We have also
confirmed the 2Ny−1 ground state degeneracy of the zero
flux sector by numerical diagonalization of Eq. (1) up
to 20 spins on small cylinders, similarly to Ref. 23, as
shown in Fig. 4.
Each gauge field configuration in the zero flux ground
state is uniquely represented by its wavefunction |u〉.
Therefore, a total ground state wavefunction, including
both the matter and gauge fields, is a Schro¨dinger-cat
state consisting of an equal weight superposition of all
the 2Ny−1 gauge field configurations in the ground state
of the zero flux sector. This state is fully symmetric,
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FIG. 3. The energy gap from numerical diagonalization of
Eq. (4) between the two 2Ny−1 degenerate manifolds in the
zero flux sector, corresponding to Wl = ±1, is plotted in the
gapped (Jx = Jy = 0.4Jz , left panel, circles) and gapless
(Jx = Jy = Jz, right panel, squares) phases of the Kitaev
model for Nx = 103 on a semilog and loglog scale, respec-
tively. The red dashed line denotes ∼ N−2y .
and in particular, all symmetries of the spin correlation
functions are restored23. This symmetric configuration
is written as26,27
|Ψ〉 = 1√
2Ny−1
∑
u
|u〉 ⊗ |φ(u)〉, (7)
with |φ(u)〉 a matter fermion wavefunction on the back-
ground of the u gauge configuration, which is that of
a BCS superconductor6,21, and 〈u′|u〉 = 〈φ(u′)|φ(u)〉 =
δu′,u. The sum includes only those 2
Ny−1 gauge configu-
ration which are dictated by the parity of Ny/2. This is
the minimal entropy state26, which knows about the Z2
spin liquidness of the Kitaev model, as we demonstrate
below.
We note and show below that both the gapped and
gapless ground-states in the Kitaev model possess topo-
logically ordered wavefunctions, signaled by the nonzero
topological entanglement entropy. However, only the
gapped Kitaev Hamiltonian (rather than the gapless Ki-
taev Hamiltonian) has a well-defined topological order.
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FIG. 4. The ground state energy, E0 calculated for the
Nx = 5, Ny = 4 cylinder (depicted in the inset) from Lanczos
diagonalization of Eq. (1) (circles) for Jx = Jy . For compar-
ison, numerical results for the zero flux sector from Eq. (4)
for the ground state energy with Wl = −1 (red line) and the
energy for Wl = −1 (black dashed line) are plotted. Both
curves are 8-fold degenerate.
4IV. CUTTING THE CYLINDER INTO TWO
With the above symmetric ground state wavefunc-
tion without redundant degrees of freedom at our dis-
posal, we can extract its entanglement properties rela-
tively straightforwardly. The conventional way of char-
acterizing the topological properties of the system is the
take an infinite cylinder15,16 (or at least Nx ≫ Ny) with
both gauge and matter degrees of freedom, partition it
into two identical regions (A and B) by cutting it into
two identical corner-free half cylinders and trace out all
(matter and gauge) degrees of freedom in the B part.
This is achieved to yield
ρA = TrBρ =
1
2Ny−1
∑
v
|v〉〈v| ⊗ ρmA (v), (8)
where the v gauge fields reside only on half of the cylin-
der and ρ = |Ψ〉〈Ψ| is the ground state density matrix. It
satisfies the same constraint as in Eq. (7), namely only
the Wl = 1 or −1 configurations are considered from
the zero flux sector. While the gauge field contribution
is already diagonal, the matter fermion part, ρmA (v) in
general is not, and it carries all the information about
the matter fermionic band structure, non-local correla-
tion and possibly Abelian vs. non-Abelian phases17. Due
to the specific form of Eq. (8), its entanglement entropy
factorizes28 as
S = Sm + (Ny − 1) ln 2, (9)
where Sm is the entanglement entropy from ρ
m
A (v), while
the second expression stems solely from the gauge fields.
It contains the topological entanglement entropy, Stopo =
− ln 2, as expected also from the toric code26,29. Our
calculation represents one of the rare instances when this
contribution can be obtained using elementary analytical
steps.
V. ENTANGLEMENT BETWEEN GAUGE AND
MATTER
Since the physical spin fractionalizes into gauge and
matter fermions, evidenced by Eq. (3), it is an interesting
question to ask how these two sectors are entangled with
respect to each other. Naively, since the ground state oc-
cupies the zero flux sector, one could think that there is
no entanglement between these two components. How-
ever, from the ground state density matrix, the matter
fermions are traced out, and the reduced density matrix
of the gauge field is obtained as
ρg = Trmρ =
1
2Ny−1
∑
u
|u〉〈u|, (10)
being completely diagonal. From this, the reduced den-
sity matrix of the gauge field has 2Ny−1 degenerate eigen-
values, having the value of 21−Ny . The Re´nyi entropy,
calculated from Sα =
1
1−α
lnTrραg with α a positive num-
ber, is obtained as (Ny − 1) ln 2, independent of α. Note
that, since the matter field has already been traced out,
this is the total entropy without any other non-universal
term, depending on the specific couplings on the lat-
tice. Interestingly, it has the very same structure as
expected for the topological entanglement entropy on a
cylinder12,13,15,16,30, being proportional to the circumfer-
ence, and having a − ln 2 constant value, as expected for
minimal entropy states26.
Eq. (10) allows us to construct the corresponding en-
tanglement Hamiltonian,HE , whose density matrix at an
entanglement temperature TE = 1 is exactly ρg. From
the gauge variables in each row, a collective spin oper-
ator is built as Szj =
∑
r∈jth row αr. Its two extreme
eigenvalues correspond to all αr being 1 or −1 in the jth
row. These are the only states which live in the zero flux
sector. By projecting onto them, an effective two-level
system, τzj , is defined in each row. These are then used
to construct the entanglement Hamiltonian as
HE = λ
∏
j
τzj , (11)
with λ → ±∞. The sign is chosen to ensure that the
proper half of the zero flux manifold is retained from the
2Ny possibilities, as dictated by the parity ofNy/2. Then,
taking exp(−HE) and normalizing it with the partition
function yields directly ρg.
We discuss the universality31 of the gauge entangle-
ment Hamiltonian by varying the entanglement temper-
ature. One can think of ρg as taking the thermal den-
sity matrix of HE at a fictitious entanglement tempera-
ture, TE = 1, i.e. ρg ∼ exp(−HE/TE). The entangle-
ment temperature dependence of various quantities can
be investigated by considering arbitrary TE ’s. Due to
the |λ| → ∞ condition, the entanglement temperature
drops out completely from ρg and its entropy is con-
stant, (Ny − 1) ln 2, for all entanglement temperature.
This is in sharp contrast to the finite temperature be-
haviour of the parent Hamiltonian32, Eq. (1), where even
for a frozen gauge field configuration, the mobile matter
fermions contribute significantly to the temperature de-
pendence of the entropy and other observables.
VI. TOPOLOGICAL ENTANGLEMENT
ENTROPY IN THE GAUGE SECTOR?
The topological entanglement entropy, which is sensi-
tive to the quantum dimension of the underlying model,
can be determined by partitioning an infinite cylinder
into two. However, from a numerical perspective, it suf-
fers from the drawback that it contains non-universal
terms as well which can be eliminated by finite size scal-
ing in the circumference of the cylinder. However, other,
more elaborate methods to extract directly this topolog-
ical information are famously available12,13. By carefully
5partitioning the system and adding/subtracting the var-
ious entanglement contributions, one ends up only with
the topological entanglement entropy, without additional
non-universal terms. This requires, for the present case,
to consider the spatially reduced density matrix, contain-
ing both matter and gauge degrees of freedom. Instead
of carrying out this calculation, we ask the intriguing
question to what extent only one component of the sys-
tem, in this case only the gauge fields, know about the
topology. From Ref. 17, it sounds plausible to conclude
that the gauge sector is responsible for the topological
entanglement entropy.
A
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FIG. 5. A specific incarnation of the Kitaev-Preskill con-
struction to obtain the topological entanglement entropy is
sketched on the brick wall lattice.
Here we investigate this statement and evaluate the
(topological) entanglement entropy from only the re-
duced density matrix of the gauge sector, Eq. (10). In
order to do so, the various partitions are required to be
larger than the correlation length in the system. How-
ever, the reduced density matrix of the gauge sector con-
tains inherently long range correlations from tracing out
the matter fields: knowing the value of the gauge field
on a given z-bond immediately fixes all z-bond values
in a given row, thus in some sense, infinitely long range
entanglement sets in. Thus, no region is large enough
compared to the correlation length in the reduced den-
sity matrix. Nevertheless, as we argue, as long as we
consider partitions without disconnected rows, the topo-
logical entanglement entropy is obtained correctly.
Let us warm up with the entanglement of a minimal
gauge ”bit”, a single gauge Majorana fermion (i.e. either
Bf or Be) with the rest. Since αr = iBfBe is a constant
of motion, one in practice needs to focus only on this re-
duced Hilbert space. By doubling this local Hilbert space
artificially without introducing any coupling between the
two copies, we consider the effective Hamiltonian
Heff = iBfBe + iB
′
fB
′
e (12)
with the B′ ancilla Majoranas. The entanglement en-
tropy between the e and f Majoranas is obtained19 after
tracing out the e Majoranas as S = ln 2. Since it comes
from partitioning two independent Majorana pairs into
single Majoranas, we conclude that the contribution of
cutting a single Majorana pair into two Majoranas gives
Smajorana = ln
√
2. This agrees with what is expected
from the thermodynamical degeneracy of a single Majo-
rana mode23. From this, it follows that a minimal gauge
degree of freedom is maximally entangled with the rest of
the system. This entanglement entropy also describes the
entanglement between the two Majorana modes at the
ends of a one dimensional topological superconductor5.
The entanglement entropy from the gauge fields of a
given spatial region is determined by following the rules:
a) each row with at least one full z-bond in a given
partition contributes with ln 2.
b) each broken z-bond contributes with a single Majo-
rana and gives 1
2
ln 2 to the entropy (in accord with our
discussion below Eq. (12)).
c) the x and y bonds do not contribute explicitly to
the entanglement.
By following these steps, we evaluate the topologi-
cal contribution to the entanglement entropy using the
Kitaev-Preskill construction, shown in Fig. 5. The en-
tanglement entropy of the various partitions is evaluated
as
SB = SC = 3 ln 2, SA = SBC = 5 ln 2, (13a)
SAB = SAC = SABC = 7 ln 2. (13b)
Putting this together, we get
Stopo = SA + SB + SC + SABC−
−(SAB + SAC + SBC) = − ln 2. (14)
This agrees with what is expected from the quantum
dimension6,15,17, D = 2 of the Kitaev model, namely
that Stopo = − lnD.
Among these, rule a) and b) are sensitive to the spa-
tial extension of the partition in the y and x directions,
respectively, therefore an area-law14 applies also for the
gauge field entanglement. While rule a) stems from the
long range entanglement in Eq. (11) and is also respon-
sible for the topological entanglement entropy, b) is ir-
relevant for the topology and is only needed to account
properly for the entanglement entropy of a given parti-
tion. For example, by halving region A vertically in Fig.
5, two broken z-bonds are lost, one from the top and one
from the bottom following rule b). This reduces only the
entanglement entropies, containing partition A, by ln 2.
Since A appears in four partitions, these entropy changes
compensate each other.
Other partitions work equally well as long as no dis-
connected rows appear, the boundaries do not even need
to be parallel with the bonds. We can also treat the case
of partitioning the reduced density matrix of the gauge
sector on the cylinder into two identical half-cylinders
by cutting it into two in the middle. In this case, all
Ny bonds are affected at the boundary and there are no
6broken z-bonds, so rule a) would naively give Ny ln 2 en-
tanglement. However, due to the constraint that only
WL = 1 or −1 makes the ground state sector, we end up
with (Ny − 1) ln 2 entropy. This contains the topological
as well as the area part, but is free from non-universal
terms.
Another construction, proposed by Levin and Wen12
naturally uses partitions with disconnected boundaries,
therefore disconnected rows appear in certain partitions,
which inevitably violate to condition of considering re-
gions larger than the correlation length. We stress that
by using this construction, we usually get integer mul-
tiples of ln 2, depending on the partitions and not zero
for the topological entanglement entropy. This results
from the fact that the gauge entanglement Hamilto-
nian, Eq. (11), yields infinitely long range correlations,
thus no partition satisfies the condition of being large
compared to the correlation length. This proves vital
when disconnected regions are considered. We specu-
late that the Kitaev-Preskill construction could be useful
to extract topological information numerically for other
systems15,16 even for partition smaller than the correla-
tion length, similarly to our case.
VII. SUMMARY
We have investigated the entanglement properties of
Kitaev’s honeycomb model (more precisely, the equiva-
lent brick wall lattice) on a cylinder by focusing on the
gauge field contribution. By using a Jordan-Wigner map-
ping to fermions without redundant degrees of freedom,
the ground state wavefunction as a minimal entropy state
was constructed without any need for projection into the
physical Hilbert space. After partitioning it into two
identical half cylinders, its entanglement entropy satis-
fies the ”sum rule” that the contributions from the matter
and gauge sector are additive28. The gauge entanglement
entropy is (Ny − 1) ln 2 with Ny the circumference of the
cylinder, and the − ln 2 is identified as the topological
entanglement entropy of a Z2 spin liquid
15,16.
The reduced density matrix of the gauge sector from
the minimal entropy state is obtained after tracing out
the matter degrees of freedom. It assumes a diagonal
form with all 2Ny−1 eigenvalues being equal to 21−Ny ,
consequently all gauge-matter Re´nyi entropies are Sα =
(Ny − 1) ln 2. The gauge entanglement Hamiltonian con-
tains infinitely long range correlations along the symme-
try axis of the cylinder. The basic rules for calculating
the gauge field entanglement entropy are determined. We
demonstrated that even small partition a` la Kitaev and
Preskill provide the right topological entanglement en-
tropy in spite of long range correlations in the entangle-
ment Hamiltonian.
ACKNOWLEDGMENTS
We thank J. Asbo´th, S. Mandal and F. Pollmann for
insightful discussions. This research is supported by the
National Research, Development and Innovation Office -
NKFIH K108676, SNN118028 and K119442 and by the
DFG via SFB 1143.
∗ dora@eik.bme.hu
1 T. Giamarchi, Quantum Physics in One Dimension (Ox-
ford University Press, Oxford, 2004).
2 J. Martin, S. Ilani, B. Verdene, J. Smet, V. Umansky,
D. Mahalu, D. Schuh, G. Abstreiter, and A. Yacoby, Local-
ization of fractionally charged quasi-particles, Science 305,
980 (2004).
3 C. Castelnovo, R. Moessner, and S. L. Sondhi, Spin ice,
fractionalization, and topological order, Annual Review of
Condensed Matter Physics 3, 35 (2012).
4 Y. Zhou, K. Kanoda, and T.-K. Ng, Quantum spin liquid
states, Rev. Mod. Phys. 89, 025003 (2017).
5 C. Laumann and A. Kitaev, Topological phases and quan-
tum computation, arXiv:0904.2771.
6 A. Kitaev, Anyons in an exactly solved model and beyond,
Ann. Phys. 321, 2 (2006).
7 G. Baskaran, S. Mandal, and R. Shankar, Exact results for
spin dynamics and fractionalization in the kitaev model,
Phys. Rev. Lett. 98, 247201 (2007).
8 J. Knolle, D. L. Kovrizhin, J. T. Chalker, and R. Moessner,
Dynamics of a two-dimensional quantum spin liquid: Sig-
natures of emergent majorana fermions and fluxes, Phys.
Rev. Lett. 112, 207203 (2014).
9 K. W. Plumb, J. P. Clancy, L. J. Sandilands, V. V.
Shankar, Y. F. Hu, K. S. Burch, H.-Y. Kee, and Y.-J.
Kim, α − rucl3: A spin-orbit assisted mott insulator on a
honeycomb lattice, Phys. Rev. B 90, 041112 (2014).
10 A. Banerjee, C. A. Bridges, J.-Q. Yan, A. A. Aczel, L. Li,
M. B. Stone, G. E. Granroth, M. D. Lumsden, Y. Yiu,
J. Knolle, S. Bhattacharjee, D. L. Kovrizhin, et al., Proxi-
mate kitaev quantum spin liquid behaviour in a honeycomb
magnet, Nat. Mat. 15, 733 (2016).
11 A. Hamma, R. Ionicioiu, and P. Zanardi, Bipartite entan-
glement and entropic boundary law in lattice spin systems,
Phys. Rev. A 71, 022315 (2005).
12 M. Levin and X.-G. Wen, Detecting topological order in a
ground state wave function, Phys. Rev. Lett. 96, 110405
(2006).
13 A. Kitaev and J. Preskill, Topological entanglement en-
tropy, Phys. Rev. Lett. 96, 110404 (2006).
14 J. Eisert, M. Cramer, and M. B. Plenio, Colloquium : Area
laws for the entanglement entropy, Rev. Mod. Phys. 82,
277 (2010).
15 H. Jiang, Z. Wang, and L. Balents, Identifying topological
order by entanglement entropy, Nat. Phys. 8, 902 (2012).
16 S. Depenbrock, I. P. McCulloch, and U. Schollwo¨ck, Nature
of the spin-liquid ground state of the s = 1/2 heisenberg
model on the kagome lattice, Phys. Rev. Lett. 109, 067201
(2012).
17 H. Yao and X.-L. Qi, Entanglement entropy and entangle-
7ment spectrum of the kitaev model, Phys. Rev. Lett. 105,
080501 (2010).
18 S. Mandal, M. Maiti, and V. K. Varma, Entanglement and
majorana edge states in the kitaev model, Phys. Rev. B 94,
045421 (2016).
19 K. Meichanetzidis, M. Cirio, J. K. Pachos, and V. Lahti-
nen, Anatomy of fermionic entanglement and criticality in
kitaev spin liquids, Phys. Rev. B 94, 115158 (2016).
20 L. Cincio and G. Vidal, Characterizing topological order by
studying the ground states on an infinite cylinder, Phys.
Rev. Lett. 110, 067208 (2013).
21 H.-D. Chen and Z. Nussinov, Exact results of the kitaev
model on a hexagonal lattice: spin states, string and brane
correlators, and anyonic excitations, Journal of Physics A:
Mathematical and Theoretical 41(7), 075001 (2008).
22 S. Mandal, R. Shankar, and G. Baskaran, Rvb gauge the-
ory and the topological degeneracy in the honeycomb kitaev
model, Journal of Physics A: Mathematical and Theoreti-
cal 45(33), 335304 (2012).
23 H.-D. Chen, B. Wang, and S. Das Sarma, Probing kitaev
models on small lattices, Phys. Rev. B 81, 235131 (2010).
24 E. H. Lieb, Flux phase of the half-filled band, Phys. Rev.
Lett. 73, 2158 (1994).
25 X.-Y. Feng, G.-M. Zhang, and T. Xiang, Topological char-
acterization of quantum phase transitions in a spin-1/2
model, Phys. Rev. Lett. 98, 087204 (2007).
26 Y. Zhang, T. Grover, A. Turner, M. Oshikawa, and
A. Vishwanath, Quasiparticle statistics and braiding from
ground-state entanglement, Phys. Rev. B 85, 235151
(2012).
27 H.-C. Jiang, H. Yao, and L. Balents, Spin liquid ground
state of the spin- 1
2
square J1-J2 heisenberg model, Phys.
Rev. B 86, 024424 (2012).
28 B. Swingle, Entanglement sum rules, Phys. Rev. Lett. 111,
100405 (2013).
29 A. Kitaev, Fault-tolerant quantum computation by anyons,
Ann. Phys. 303, 2 (2003).
30 C.-Y. Huang, X. Chen, and F. Pollmann, Detection of
symmetry-enriched topological phases, Phys. Rev. B 90,
045142 (2014).
31 A. Chandran, V. Khemani, and S. L. Sondhi, How univer-
sal is the entanglement spectrum?, Phys. Rev. Lett. 113,
060501 (2014).
32 J. Nasu, M. Udagawa, and Y. Motome, Thermal fraction-
alization of quantum spins in a kitaev model: Temperature-
linear specific heat and coherent transport of majorana
fermions, Phys. Rev. B 92, 115122 (2015).
